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yi Letter of Dr Wallis/<? Dr Sloan, concern¬ 
ing the Quadrature of the Parts of the 
Lunula of Hippocrates Chius , performed 
by Mr John, Perks; with the further Im¬ 
provements of the fame , by Dr David 
Gregory, and John Cafwell. 

SIR, 

T H E Squaring a certain Lunula by Hippocrates Chius 
long lince, hath been known (as to the whole Lunula) 
for many Ages. But (as to the Tarts of it, and the Ap¬ 
purtenances thereunto,) New Dilcoveries have been lately made, 
which (I think) had not been conlider’d by any before this pre¬ 
lent Age. 

I received (in November 1699.) from Mr. John Terks (Mailer 
of an Holpital at Old-Swynford in JVorcejler-jhire , founded by 
Mr, Thomas Foley ) a brief account of his Squaring the Tortious of 
Hippocrates's Lunula ; with which (I prelume) you will not be 
dilpleafed. 

For the better underllanding of which ; I lhall premile as 
known.( becaule long lince demonllrated,) That, If on A B ( the 
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This Semi-circle, will he Equal to that Quadrant. ( Becaufe the 
Squares of their Diameters, are as 2 to 1 ; And, in fuch propor¬ 
tion are their refpedHve Circles ; and therefore a Quarter of the 
one, equal to Half the other.) 

And* Q^plfqufptly: front each pf thpfe, wp fubtra& the 

common Segmen| ABD; ihe Remaining Lunula ( on the 

one fide ) wfiHbfe Equal to the Remaining Triangle { on the other 
fete ) A»C. ( Or, to ABIC, foppcfiog A? bife%di&R,} that is, 
to h# the Square CR* 4 *»fcribed'. in the. Lellsj; Circle,) Which 
js comrRoniy palled, The Squaring tyfEpgocrat'efs Lmtila ; That 
is, she Finding a Reflilinedr. Mgdte \ wftich may he eafyly redu¬ 
ced to a Square )equal tot that; L^nuk- 

This being premifed; The Point m hand, is, the Squaring a 
given Tort ion of fuch Lunula : fuppofe ADE, cutt-off by a 
Streight Line CDE, drawn from the Center C. Which Mr Terks 
( not knowing that the like had been before attempted by any 
Other ) doth perform; after this manner 5 viz. 

Drawing the Streight Lines E A, and EB ( cutting the Arc EB 
in G, ) and, on AG, a perpendicular EF, ( which will therefore 
pafs. to the Center C, becaufe Bifeifing AG at Right-angles ; ) The 
Right-lined Triangle AFE, is equal to ADE, the propofed Tortim 
of the Lunula. 

His Demonftration is to this purpofe : viz. 

ABB being a Quadrantal Arc; the Angle AGB will be Three 
Halves of a Right Angle; (and its Gbnjundt Angle EGA, Hof 
a Right Angle. ) And that Angle ( being External to the Trian^ 
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gle AGE,) is Equal to the Two Oppofite Internals GEA-f-EAG. 
Whe,reof QEA (becaufe ap Angle in the Semicircle. AER ), is a 
Right Angle; and.therefore EAGis Haifa. Right Angle, ( as are 
alfp FEG, and FEA.) And the Three Triangles AEfe) GFE, 

and 
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and GEA, each of them Haifa Square. And AG to AE, as fz 
to i ( pKopordoad to the, Refpec&ye Radii of the Two Circles.) 
And die Like Segments' ADG, AE, in their Refpe6live Circles 
( as the Squares of their Refpedtive Radii ) as 2 to r. And there¬ 
fore the Semi legmencAFD, equal to the Segment AE. And con- 
ieqaentljr ( bite taking foih thg Triangle as much as the other 
addes to'it) thte ‘Pertitm of tkecLfUnula ADp, equal to the Trian¬ 
gle AFE. Which was to be Demonitrated. 

( I tike the liberty ( both in this and the things that follow ) to 
vary fomewhat front the Authors Words, (but to the fame finfi, 
and without arty difadvantage to Them,) fo as to Defign the lame 
Refpective Points (in all the Figures) by the fame Letters. 
Which-thakes it fomewhat Shorter ( without Repeating the lame 
Conftrubtion anew for every Figure; ) and prevents theConfu- 
fion which ■ might arifi to the Fanfy, if the fame Refipe&ive 
Points, in fiveral Figures, were defigned by different Letters; 
and the fame Letters, in the different Figures, defign different 
Points. ) 

If the Point E chance to be in K ( the middle of the Arc AEB) 
there:will be no Interfedion at G ( the Points G,B being then 
coincident, but without any difturbance to the Demonftration : ) 
Ifit happen beyond it, toward B; then G will be on the other fide; 
and what.is here fayd of EGB, muff be accommodated to EGA: 
which things are fo obvious, as not to need any long difcourfe. 

The whole proceeds upon .the lame general notion with that 
of fqiiariug the whole LMnuL (and fome other Curve-lined Fi¬ 
gures; ) that, if as much be added to the one fide, as is taken from 
the other, the Equality remains. 

And theftrefs of the Demonftration, is, to prove the figments 
ADG and AE, to be Like Segments ; and therefore Proportional to 
their Refpe&ive Circles; the Whole of one,equal to Half the other. 

The Ground of the whole Procefs is plainly this, The Angle 
ACE, being an Angle at the Center of the Greater Circle, but at 
the Circumference of the Lefler, the line CDE (as it pafleth from 
CA to CB) doth, in the fame proportion, divide the Quadrantal 
Arc ADB, and the Semicircular AEB: whence all the reft doth 
naturally follow. 

And this is Applicable to other Lunulas ( befide that of Hip' 
pocrates) if ( by altering the Angle at F, or otherwifi,) we take-in 
fuch a Portion of the common Segment ABD on the one fide 
(inftead of AE cut-off on the other fide) as the Proportion of the 
two Circles requires. 

R r r 2 I fhewed 
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I fhewed this Quadrature of Mr. Terks to Dr. David Gregory 
( our learned Profefior of Aftronomy at Oxford. \) who gives his 
Opinion about it ( with his Improvement of it jin a Letter of 
his to me; which I fhall give you in his own words, 

“ Reverend Sir, The Quadrature of the Tarts of the Lunula of 
“ Hippocrates Chius, by Mr. Terks ( which you fhewed me ) is 
" very Elegant. 

"I remember, the like was done, feme years fince,by Mopfieur 
" TchirnhauJ'e ; who afligns, as equal to the fame Portion, nop the 
" lame Triangle with that of Mr. Terks , bnt another Equivalent 
" thereunto, (as I fhall {hew by and by.) We have his Theorem , 
"in the Aft a Lipfue , for the Month of September, 1687. But, 
" without any Demonftration, 

" But, both the One and the Other, feem not to have coniidered 
" this affair in its full extent. 

"For, if you compleat the Two Circles, whole Arcs contain 
" the Lunula of Hippocrates ; the fame is true, as well of the Points 
" in the other Semi circle ACB,as of thole in the Semi-circle AEB; 

" and, for the lame Reafbns. As appears in the Scheme annexed, 

" wherein I have mark’d the Points in the Semi circle ACB, (cor- 
"refpondent to thole of Mr. Terks in AEB,) with the correlpon- 
" dent lrnall Letters of the Roman and Greek Alphabets. 

"If Mr. Terks had made his conftru&ion univerlal; by ma¬ 
rking both E A and EB, meet with the Greater Circle, (which he 
"might have done by protra&ing thele Lines and the Greater 
"Circle ’till they meet;) he might have found that the Portions 
" of the Spaces A t CM, BHCN, (fuppofing MCN parallel to AB) 

" are Quadrable as well as thole of Hippocrates’s Lunula : And 
"that E A y being a {freight Line, the Portion AED of Hip- 
" pocrates’s Lunula , is to A. r *<? ( the Correlpondent of , A * C M ) 
"in the Duplicate Proportion of Ce to A t. For ER« (at Rthe 
"Center of the Lelfer Circle ) is, in this cafe, a Right Angle. 

"Moreover; If you take any Point« in the Semi circle ACB, 
"and proceed according to Mr. Terk’s conltru&ion Univerfalized 
"as above-laid; you will find, on the one fide, th tTrilineum 
“Ail (contained by the Arcs A >, A S', and the (freight line t S) 

" equal to the Rectilineal Triangle A i f. And, on' the other fide, 

" the Trilineum contained by the Arc B e (the Complement of e A 
"to the Semi-circumference,) and the Arc B d (the Complement 
"of AJ' to the Fourth part of the Circumference,)and the f Leigh 1 
"line p d, (thatis, the Triljneum BHCd diminifhed by the Se- 

"gment 
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“ gment C t ) to be equal to tKe Re£lilineal Triangle B« f. And, 
“that thofe two (paces As f and the Difference of BHCd fronr 
“the Segment Ct ( parts of the Liunula- ACBg> A ) taken to¬ 
gether, are equal to the Triangle ACB,; as well as the two 
“Spaces AEDand BED, parts of the Lunula of Hippocrates. 

“ So that, upon the whole, it appears, that the Two Circles' 
“ ( containing the Lunula of Hippocrates ) heing completed ; this 
“ Lunula AEBGA, and the other ACB g> A, make up one Syftem,. 
“ and are Conjugate F igures. 

“ For, (drawing a Itreight line CDE,or C * <f,or C t d,at plea lure 
“ through C the .Center of the Greater Circle, and cutting thofe 
“ two Circles,) the Space contained within two Arcs of the';; two 
“ Circles and part of the faid ftreight line, (as AED, or As>f, or 

“BH*d, ) 



[4«n 

“ B H«d,) is equal to the Rectilineal Triangle AEF, or A up, or 
“B«f, refpe&ively. 

“ And it lo happens, that, if this line going out from C, be on 
“ the lame fide of the Diameter MN with the Lunula of Hippo- 
“ crates ; the forefaid Space (which receives a perfedt Quadra- 
“ ture) is lolitary; ( fuch as are the Parts oft Hippocrates's Lunula ; 
“ and of the two Spaces A«CM, BHCN ;which therefore are Parts 
“ of the Lunula more nearly relating to one another.) 

“ But if that Line going out from C, be on the other fide of 
“ MN ; then the Space which is equal to the Rectilineal Triangle, 
“ is, the Difference of tw'o Mixtilineal Figures, (the one a Tri- 
“ lineum, the other a Segment of the Lefler Circle,) as is above- 
“ laid.; neither of which can be fqtiared feverally. 

“ All thefe particulars are plain from Mr. Perks's Demonftra- 
a tion; which, with a little variation ( fuch as is ufual in the dif¬ 
ferent Cafes of the fame Theorems') is applicable to all of them : 
“though perhaps he was not aware of it. 

“In the Dimenfion of the Parts of Hippocrates's Lunula , 
“ it might perhaps be expeCted, that the Triangle affigned equal to 
“ a Portion of the Lunula , fhould be Part of the Triangle to 
“ which that whole Lunula is wont to be affigned equal; (that is, 
“ that the Triangle affigned equal to the Portion ADE, fhould be 
“ the refpeCtive part of ACB which is equal to the whole Lunula\ ) 
“ which in that of Mr. Perks is not. 

“ But, in that of Mr. Tfchirnhauje ( above-mentioned ) it is fo, 
<[ which is to this purpofe. 

“ If from any Point E, in the circumference of the Lefler Circle, 
“ we let fall on AB, a Perpendicular cutting it in L, and draw the 
“ line CLthe Triangle CAL, is equal to the Portion of the Ltt- 
^ttitla A ED. ( Andyc’pftfequently, the Triangle CBL, equal to 
“ the Portion BED.) • 

** Which (becaufe Mr Tfthimhctufe hath dot at all done it ) 
“ I fhflli briefly Demonffrate, fb as the Demonflration may reach 
“ the Portions of the Conjugate Space ACB g y a. 

“ For the Triangles ACB, AEF, are like Triangle each being 
“thehalf of a Square : And therefore, by19 el. 6 i the Triangle 
“ ACB is to the Triangle AEF in the duplicate proportion of BA 
“ to AEj that is, by 8, el. as BA is to AL. But, by 1. el. < 5 , the 
“ Triangle ACB is to the Triangle ACL as BA is to AL. There- 
“ fore, by 9. el. j, the Triangles ACL add AEF are equal. But 
“ the Tridtigle AEF is ( by Mt Porks) proved equal to the Por- 

** firm 
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“ non AED. And therefore the faid Portion AED is alio equal 
“ to the Triangle ACL. 

“Iam, Sir, Your&c. D. Gregory. 

Mr Cafvae flhad a fight of this Quadrature of Mr Perks (be¬ 
fore Dr Gregorie or 1 had feen it ;-) And had given a Specimen of 
its being capable of further Improvement. But, without having 
Leifure, or giving hitnfelf the Trouble, of purfuing it through 
all its Appendages. I would ( with his leave ) have here in¬ 
ferred that Specimen: But he chafe rather to decline it; faying, 
He thought it needlefs, becaufe Dr Gregorie had, fence, done the 
like more fully. 

The Refult of it. is to this purpofe ; On the Center B, 1 m 
draws by A, a Third Circle; which forms another Lunula , 
than that ok Hippocrates : And he doth (very dextroufly) Square 
the Portions of this Lunula. And doth thereby let us in, to a New 
Syftem, which may be purfued in like manner as Dr Gregorie 
hath done that ok Hippocrates. 

After thefe learned Difquifitions, on ft> trite a Subjefl; it will 
not be needful for me to fay much. I fhall but briefly Compare 
the Two Quadratures of Mr TfchirnbauJe and Mr Perks , (where¬ 
in they Agree or Differ with each other. ) And then fhew, How, 
by either of them, to Divide the Lunula in any Given Proportion. 

Monfieur Ljchirnhauje ; Letting fell, from- E (on AB) a Perpen¬ 
dicular EL, determines the Triangle ALC equal to the Portion 
ADE. 

Which being admittedWe may 
thus Divide the Lunula m any 
Given Proportion. If we divide 
AB, at L, in fuch Given Proporti¬ 
on ; CL will, in the fame propor¬ 
tion ( becaufe of the Common Alti¬ 
tude ) divide the Triangle ACB 
( which is equal to the Whole Lu¬ 
nula.) And LE ( eredted at Right. 

Angles on ALB) will determine 
the Point. 6; from whence if we 
draw, to C, the' Streight line EC, this will, at DE, divide the 
Lunula in die' feme Proportion. 

Me Terkp. ; On EDC, drawing, the Perpendicular AF , de¬ 
termines the. Ssmhquadrate AFE, equal to the propofeef Por¬ 
tion. 




tion ADE. Which Semi-quidrate, is 
D a Like Figure , and a Rkp Jitmte to 
“ AE, as is ACB to AB. 

And therefore ( becaufe like Fi¬ 
gures are in the Duplicate Proportion 
of their refpe&ive Sides) If welo 
infcribe AE,-as thatrthe Square of 
AE be to the Square of AB, lnfuch 
_ Given Proportion, the Lunula will 
G at DE, befo divided as is required. 
And this will hold (if duly appli¬ 
ed, according as the different Gafes may require ) though E be 
tikett-(in the Continuation of the Semicircle) beyond B. For 
({till) Like Figures, will be in Duplicate Proportion of their 
jRefpoffive Sides; and C E = G D ± D E. And the fame is'yet im- 
proveable much further. 

I forbear to Apply this to the feveral Parts of the whole Sy- 
ftetne, confidered by Dr Gregone, ( Qr to that of Mr Cajvoell, ) 
that I be not too Teadious. 

Much lefs fhall I give my felfthe trouble to confider the Solids 
to be made by the Converlion of it, or ofits parts, about a given 
Axis, (as MN, or AB. or AC, or BC, &c. ) with their Surfaces and 
Centers of Gravity; as I have done elfewhere for the Cycloid, \ 
But fuch as are at Leifure (and think it worth the while, ) may 
do jt by fuch like Methodes as I have made ufe of for the Cycloide, 

lam SI A, 

Tours to ferve you , 

JOHN JFALLIS. 

Poft-fcript. 

In the TranfaSliom for the Month of Ayguft laft paft; Numb. ayy. 
A Letter of mine, is very fauhyly Printed. I defire that the Errata 
may be thus Corre&ed. 

Pag. 280. 1 . 24. ut ait./. 281./. if. differentiasinfin's tefitttas. p. 18 1 . /. 12. fat 
antea,) rerum Novitas, l. 14. Meflis. 1 . ij, Et quidem. 1 . 16. Atquehinc. 

1. 17. natura. /. 22. Academia. /. 25;. reapfe. 1 . 33. mifi. p. 283. 1 . 5. defjperatom. 

/. ri. Sueci. /. 17. itinere. /. if. adomat. /. 33. Coeno. p. 284. A 1. fita. 1 . 13. 
redeuhdo) icnfint. 1. 17. motibus. /. 19. penkius. t. 22. materia;, 23. per- 
petidiculum ereftos ) a'd./. 24. Ioneo traftu. 1 . 2f. praeie. /. 29. Multaque. 1 . 20. 
annos. / 31. deprompta) raihi videntur hue. 1. 32. alib. /. 34. coenofuni, turH- 
dum. /.jf. Ifthmo. Lttlt.TheW'wdsV. S. Aug; 29.1699. JhoMhave flood at tin. 20. / 
Numb. 2j j.p. 346. /. 11. the Solar Tropical yeas. f. 349. 1 . 2. iuggeftedby./'. Jfi. 

1. 34. Hands thus. 




